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❝✉tt❡r ✭❋✐❣✉r❡ ✷❛✮✳ ❚❤❡ s❤❡❡ts ✇✐t❤ ❛ ♣♦❧②❡t❤②❧❡♥❡ r❡❧❡❛s❡ ✜❧♠ ❛r❡ ❢♦❧❞❡❞ ✐♥ ❝♦r❡ s❤❛♣❡s ❜②
✉s✐♥❣ ✶✻ sq✉❛r❡ r♦❞s ✭✷✵ ① ✷✵ ① ✸✵ ❬♠♠❪✱ ❛❧✉♠✐♥✉♠ ✲ s❡❡ ❋✐❣✉r❡ ✷❜✮✳ ❚❤❡ ✽ r♦❞s ❛r❡ ♣✉t
♦♥ t❤❡ ❜❧✉❡ ❝r♦ss ♣♦✐♥ts ♦❢ ❋✐❣✉r❡ ✷❜ ❢r♦♠ t❤❡ ✉♣♣❡r s✐❞❡✱ ❛♥❞ ♦t❤❡r ✽ r♦❞s ❛r❡ ♣❧❛❝❡❞ ♦♥
r❡❞ ♦♥❡s ❢r♦♠ t❤❡ s✐❞❡ ❜❡❧♦✇ ✭❋✐❣✉r❡ ✷❝✮✳ ❆❢t❡r ♣❧❛❝✐♥❣ t♦❣❡t❤❡r t❤❡s❡ r♦❞s ❧✐❦❡ ✐♥ ❋✐❣✉r❡
✷
✷❞✱ t❤❡ s❤❡❡t ✐s ✜①❡❞ ✐♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❛✉①❡t✐❝ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡✳ ❚❤❡ ❛ss❡♠❜❧② ✐s ❤❡❧❞ ❜②
t❛♣❡s ❛♥❞ ✐♥s❡rt❡❞ ✐♥t♦ ❛ ✈❛❝✉✉♠ ❜❛❣ ✭❋✐❣✉r❡s ✷❞✮✳ ❚❤❡ ❜❛❣❣❡❞ ❛rr❛♥❣❡♠❡♥t ✐s ♣✉t ✐♥ ❛♥
❛✉t♦❝❧❛✈❡ ❢♦r ✻✵ ♠✐♥✉t❡s ❛t ✶✼✺ Co t♦ ❝✉r❡ t❤❡ ♣r❡♣r❡❣✳ ❚❤❡ ✜♥❛❧ ❝✉r❡❞ s❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✷❡✳
❚❤❡ ✇♦r❦ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❧♦♥❣ ✇❛✈❡❧❡♥❣t❤
♣r♦♣❡rt✐❡s ✭✜rst ♦r❞❡r ❤♦♠♦❣❡♥✐s❛t✐♦♥✮ ❛♥❞ ❞❡t❛✐❧❡❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡
❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡✳ ❚❤❡ ❧♦♥❣ ✇❛✈❡❧❡♥❣t❤ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❡✛❡❝t✐✈❡
str❡ss✲str❛✐♥ t❡♥s♦r ♦❢ t❤❡ ❤♦♠♦❣❡♥✐s❡❞ ❧❛tt✐❝❡✱ ❛♥❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s❧♦✇♥❡ss ❝✉r✈❡s ❢r♦♠ t❤❡
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❈❤r✐st♦✛❡❧✬s ❡q✉❛t✐♦♥ ✐♥ ✈❛r✐♦✉s ♣❧❛♥❡s✳ ❚❤❡ r❛t✐♦♥❛❧❡
❜❡❤✐♥❞ t❤❡ st✉❞② ♦❢ t❤❡ s❧♦✇♥❡ss ❝✉r✈❡s ✐s t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ❛♥♦♠❛❧♦✉s ❜❡❤❛✈✐♦✉r
♦❢ t❤❡✐r ❝✉r✈❛t✉r❡✳ ❚❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s❧♦✇♥❡ss s✉r❢❛❝❡ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❤❛s ❛ ♠❡tr✐❝s t♦
✐❞❡♥t✐❢② ❝❛✉st✐❝s ✐♥ ♣❤♦♥♦♥ ✐♠❛❣✐♥❣✱ ✇❤❡r❡ t❤❡ ❝❛✉st✐❝s ❛r❡ ♠❡❛s✉r❡❞ ❛s ♣❛r❛❜♦❧✐❝ ❧✐♥❡s ♦♥
t❤❡ s❧♦✇♥❡ss s✉r❢❛❝❡ ❬✶✼❪✳ ❩❡r♦✲s❧♦✇♥❡ss ❝✉r✈❡s ❛r❡ t❤❡r❡❢♦r❡ ❛ s②♠♣t♦♠ ♦❢ ♣♦ss✐❜❧❡ s♦❧✐t♦♥s
❝r❡❛t❡❞ ✇❤✐❧❡ t❤❡ ✇❛✈❡ ✈❡❝t♦r ✐s ♦r✐❡♥t❡❞ ❛❧♦♥❣ ❛♥❣❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡s❡ ✐♥st❛❜✐❧✐t②
♣♦✐♥ts✳ ❚♦ t❤❡ ❜❡st ♦❢ t❤❡ ❆✉t❤♦rs✬ ❦♥♦✇❧❡❞❣❡✱ ❛♥ ❡①t❡♥s✐✈❡ st✉❞② ♦❢ t❤❡ ❤♦♠♦❣❡♥✐s❡❞
♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ✜rst ♦r❞❡r ❤♦♠♦❣❡♥✐s❛t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❈❤r✐st♦✛❡❧ ❡q✉❛t✐♦♥
♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ♣②r❛♠✐❞❛❧ t❡ss❡❧❧❛t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷ ❤❛s ♥♦t ❜❡❡♥ ♣❡r❢♦r♠❡❞ ②❡t✳ ❲❡
✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ❧❛tt✐❝❡ ✐s ❛✉①❡t✐❝ ✐♥ t❤❡ ♣❧❛♥❡✱ ❜✉t ❛❧s♦ ♣♦ss❡ss✐♥❣ ❛ ♣❡❝✉❧✐❛r ♠❡❝❤❛♥✐❝❛❧
❜❡❤❛✈✐♦✉r✱ ✇❤❡r❡ t❤❡ ✐♥✲♣❧❛♥❡ st✐✛♥❡ss ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ tr❛♥s✈❡rs❡ ♦♥❡ ✲ ❝♦♥tr❛r② t♦ ❝❧❛ss✐❝❛❧
❝❡♥tr❡s②♠♠❡tr✐❝ ❤♦♥❡②❝♦♠❜ ❝♦♥✜❣✉r❛t✐♦♥s ❡①✐st✐♥❣ ✐♥ ♦♣❡♥ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ❑✐r✐❣❛♠✐ ❧❛tt✐❝❡
❞♦❡s s❤♦✇ ✐♥❞❡❡❞ ③❡r♦ ❝✉r✈❛t✉r❡ s❧♦✇♥❡ss ❝✉r✈❡s ✐♥ t❤❡ tr❛♥s✈❡rs❡ ♣❧❛♥❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs ❞❡✜♥✐♥❣ t❤❡ ❧❛tt✐❝❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛❧s♦ t❤❡ ❝❛s❡ ✭❛s ✐♥ t❤❡
r❡❛❧ ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥✮✱ ✇❤❡r❡ ❤②st❡r❡t✐❝ ❞❛♠♣✐♥❣ ✐s ♣r❡s❡♥t ✐♥ t❤❡ s②st❡♠✱ ❞✉❡ t♦
t❤❡ ✐♥tr✐♥s✐❝ ❧♦ss ❢❛❝t♦r ♦❢ t❤❡ ♣r❡♣r❡❣ ✉s❡❞ t♦ ♠❛♥✉❢❛❝t✉r❡ t❤❡s❡ ❧❛tt✐❝❡s✳ ❆ ♥♦✈❡❧ ✇❛✈❡
♣r♦♣❛❣❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦ t♦ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❞❛♠♣✐♥❣ ✐♥ t❤❡
❧❛tt✐❝❡✱ ❛♥❞ ✐❞❡♥t✐❢② t❤❡ ❞✐r❡❝t✐✈✐t② ♦❢ ❡✈❛♥❡s❝❡♥❝❡ ♠♦❞❡s ♣r❡s❡♥t ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✳
❲❤✐❧❡ t❤❡ ❧♦♥❣ ✇❛✈❡❧❡♥❣t❤ ❛♣♣r♦①✐♠❛t✐♦♥ ❞♦❡s ♥♦t r❡✈❡❛❧ ❛♥② ✉♥✉s✉❛❧ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥
♣❛tt❡r♥ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ❧❛tt✐❝❡✱ t❤❡ ✷❉ ❞❛♠♣❡❞ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ t❡❝❤♥✐q✉❡s ❤✐❣❤❧✐❣❤t
t❤❡ ❝♦♠♣❧❡① ♠♦❞❛❧ ❜❡❤❛✈✐♦✉r ❡①✐st✐♥❣ ✇✐t❤✐♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✸❉ ✉♥✐t ❝❡❧❧ str✉❝t✉r❡✱ ❛♥❞
t❤❡ ❡✈❛♥❡s❝❡♥❝❡ ❞✐r❡❝t✐✈✐t② ❞✉❡ t♦ s♣❡❝✐✜❝ ♠♦❞❡s ❞✐ss✐♣❛t✐♥❣ ♠♦r❡ ❡♥❡r❣② t❤❛♥ t❤❡ ♦t❤❡rs✳
✸
❋✐❣✉r❡ ✶✿ Pr♦❞✉❝t✐♦♥ ♦❢ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ ❝♦r❡ ✉s✐♥❣ ♣❡r❢♦r❛t✐♦♥✴r♦❧❧✐♥❣✴❢♦❧❞✐♥❣ t❡❝❤♥✐q✉❡
♦♥ ♠❡t❛❧s ✭❋r♦♠ ❬✸❪✮




❚❤❡ ❡q✉✐✈❛❧❡♥t ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❑✐r✐❣❛♠✐ ❧❛tt✐❝❡ str✉❝t✉r❡ ❤❛✈❡ ❜❡❡♥ ❝♦♠✲
♣✉t❡❞ ✉s✐♥❣ ❋✐♥✐t❡✲❊❧❡♠❡♥t ❜❛s❡❞ ❤♦♠♦❣❡♥✐s❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ♣❡r✐♦❞✐❝ ♠❡❞✐❛ ❬✶✽❪✳ ■♥
❛ ♣❡r✐♦❞✐❝ ♠❡❞✐✉♠✱ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r u ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
u = ǫ¯x+ u′✱ ✇❤❡r❡ ǫ¯ ✐s ❛♥ ❛♣♣❧✐❡❞ str❛✐♥ ✜❡❧❞✱ ❛♥❞ u′ ❛ s❧♦✇❧② ✢✉❝t✉❛t✐♥❣ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥
♦❢ u✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ✢✉❝t✉❛t✐♦♥ t♦ ✐❞❡♥t✐❢② u′ ✐s ❡①♣r❡ss❡❞ ❜② ❬✶✽❪✿
{v′}T [K] {u′} = {v′}T {F} ✭✶✮
❲❤❡r❡ {v′} ✐s ❛♥♦t❤❡r ♣❡r✐♦❞✐❝ ✢✉❝t✉❛t✐♥❣ ❢✉♥❝t✐♦♥ s♦❧✈✐♥❣ ❊q✉❛t✐♦♥ ✭✶✮✱ [K] ✐s t❤❡
st✐✛♥❡ss ♠❛tr✐① ♦❢ t❤❡ s②st❡♠ ❛♥❞ {F} ✐s ❛ ✈❡❝t♦r ♦❢ ❣❡♥❡r❛❧✐s❡❞ ♥♦❞❛❧ ❢♦r❝❡s✳ ❆❝❝♦r❞✐♥❣ t♦









[B]T [C] [B] dV ✭✷✮
■♥ ✭✷✮✱ [B] ❝♦♥t❛✐♥s t❤❡ s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❋❊ s❤❛♣❡ ❢✉♥❝t✐♦♥s✱ [C] t❤❡ s❡❝♦♥❞ ♦r❞❡r
str❡ss✲str❛✐♥ t❡♥s♦r ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ eth ❡❧❡♠❡♥t✱ ❛♥❞ V t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡
♦✈❡r❛❧❧ ♠♦❞❡❧✳ ❲❤❡♥ ❛ ♣r❡s❝r✐❜❡ str❛✐♥ ✜❡❧❞ {ǫ¯} ✐s ✐♠♣♦s❡❞✱ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❢♦r❝❡ ✈❡❝t♦r {F}
❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

















[B]T [C] dV ✭✹✮
■♥s❡rt✐♥❣ ✭✹✮ ❛♥❞ ✭✸✮ ✐♥ ✭✶✮ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❤♦♠♦❣❡♥✐s❡❞ str❡ss✲str❛✐♥ t❡♥s♦r r❡❧❛t✐♦♥s❤✐♣
r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥t ♠❛t❡r✐❛❧ ❡♥❝❧♦s❡❞ ✐♥ t❤❡ ✈♦❧✉♠❡ V ✿
[
C¯
] {ǫ¯} = {σ¯} ✭✺✮
❲❤❡r❡ {σ¯} ✐s t❤❡ ✈♦❧✉♠❡ ❛✈❡r❛❣❡ ✈❡❝t♦r ♦❢ t❤❡ str❡ss❡s σij, i, j = 1 . . . 6 ❢♦r t❤❡ r❡♣✲





































0 0 0 − 1
Gxz
0 0
0 0 0 0 1
Gyz
0





❚❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ✉♥✐t ❡❧❡♠❡♥t ✭❘❱❊✮ ❝❡❧❧ ✉s❡❞ ❢♦r t❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ ✐s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✭✸❛✮✳ ❚❤❡ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ ✐s ❞❡s❝r✐❜❡❞ ✉s✐♥❣ t❤❡ ♥♦♥❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠✲
❡t❡rs α = a/b✱ β = t/l✱ δ = l/b ❛♥❞ ✐♥t❡r♥❛❧ ❝❡❧❧ ❛♥❣❧❡ θ✳ ❆♥ ✐s♦tr♦♣✐❝ ✐♥✲♣❧❛♥❡ ♠❡❝❤❛♥✐❝❛❧
❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❢♦r α = 1✳ ❚❤❡ ♣❛r❛♠❡t❡r δ ✐♥❞✐❝❛t❡s ❤♦✇ ❢❛r t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
❧✐❣❛♠❡♥t l ❞❡♣❛rts ❢r♦♠ ❛ ❜❡❛♠✲❧✐❦❡ str✉❝t✉r❡✳ ❲✐t❤✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤✐s ✇♦r❦✱ ♦♥❧② ✐♥✲
♣❧❛♥❡ ✐s♦tr♦♣✐❝ ❝♦♥✜❣✉r❛t✐♦♥s ✭α = 1✮ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❋❊ ♠♦❞❡❧ ♦❢ t❤❡ ✉♥✐t ❝❡❧❧
❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✉s✐♥❣ t❤❡ ❝♦♠♠❡r❝✐❛❧ ❝♦❞❡ ❆◆❙❨❙ ✶✶✳✵ ✭❋✐❣✉r❡ ✸❜✮✳ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
str✉❝t✉r❛❧ ❤❡①❛❤❡❞r❛❧ ❡❧❡♠❡♥ts ✇✐t❤ ▲❛❣r❛♥❣✐❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❙❖▲■❉✹✺ ✭✽ ♥♦❞❡s
❛♥❞ ✸ ❉❖❋s✮ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♣②r❛♠✐❞❛❧ str✉❝t✉r❡✱ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ♠❡s❤ s✐③❡
❡q✉✐✈❛❧❡♥t t♦ t/2 ❛ss✉♠❡❞ ❛❢t❡r ❛ ♠❡s❤ ❝♦♥✈❡r❣❡♥❝❡ t❡st✳ ❚❤❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❬✶✾❪ ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❡❞❣❡s xy ♦♥ t❤❡ ✉♥✐t ❝❡❧❧✱ ✇❤✐❧❡ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ z
❝♦♦r❞✐♥❛t❡s ❤❛✈❡ ❜❡❡♥ ❦❡♣t ❢r❡❡ ♦❢ ✐♠♣♦s❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✉♥✐❢♦r♠ str❛✐♥s✱
❛s t♦ r❡♣r❡s❡♥t ❛♥ ✐♥✜♥✐t❡ ♣❡r✐♦❞✐❝ ❝♦r❡ ♠❛t❡r✐❛❧ ❢♦r s❛♥❞✇✐❝❤ str✉❝t✉r❡s✱ ❤❛✈✐♥❣ t❤❡r❡❢♦r❡ ❛
♣❡r✐♦❞✐❝✐t② ✐♥ t❤❡ xy✲♣❧❛♥❡ ♦♥❧②✳ ❚❤❡ ✉♥✐t str❛✐♥s ❛t t❤❡ ❜♦✉♥❞❛r②
{
ǫx ǫy ǫz γxz γyz γxy
}T
❤❛✈❡ ❜❡❡♥ ✐♠♣♦s❡❞ ❛s ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s✱ ❧❡❛❞✐♥❣ t♦ ❛ st❛t✐❝ ❧✐♥❡❛r ♣r♦❜❧❡♠ s♦❧✈❡❞ ✇✐t❤ ❛
◆❡✇t♦♥✲❘❛♣❤s♦♥ s♦❧✈❡r✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❡❝✐✜❝ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♥♦♥❞✐♠❡♥s✐♦♥❛❧ ❣❡♦♠❡✲
tr② ♣❛r❛♠❡t❡rs ✉s❡❞✱ t❤❡ ♠♦❞❡❧s ❤❛❞ s✐③❡s r❛♥❣✐♥❣ ❜❡t✇❡❡♥ ✹✷✾✻ t♦ ✶✷✷✹✵ ❉❖❋s✳ ❚❤❡ ❜❛s❡
♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦r❡ ✇❡r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❑❡✈❧❛r ✹✾✴✾✶✹ ✇♦✈❡♥ ❢❛❜r✐❝ ❬✶✻❪✱
✇✐t❤ ❨♦✉♥❣✬s ♠♦❞✉❧✉s Ec = 30GPa✱ P♦✐ss♦♥✬s r❛t✐♦ νc = 0.4 ❛♥❞ ❞❡♥s✐t② ρc = 1600 kgm
−3✳
❋♦r ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r✐❜s l ✇❛s ❛ss✉♠❡ ❝♦♥st❛♥t ❛t ✶✵ ♠♠✱ ✇❤✐❧❡ t❤❡
r❡❧❛t✐✈❡ ❞❡♥s✐t② β ✇❛s ✐♠♣♦s❡❞ ❡q✉❛❧ t♦ ✺ ✪ t♦ ❛✈♦✐❞ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠
t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ r✐❜s✱ ❛♥❞ ❛ss✉♠❡ t❤✐♥ ❜❡❛♠✲❧✐❦❡ ♦r ♣❧❛t❡✲❧✐❦❡ str✉❝t✉r❡s ❜❡✐♥❣ ♣r❡s❡♥t
✐♥ t❤❡ ❑✐r✐❣❛♠✐ ❧❛tt✐❝❡ ✭✐✳❡✳✱ ❝♦♥s✐st❡♥t t♦ s❛♠♣❧❡s ♣r♦❞✉❝❡❞ ✇✐t❤ t❤❡ ♠❛♥✉❢❛❝t✉r✐♥❣ ♣r♦❝❡ss
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✮✳
✻
❇✳ ❈❤r✐st♦✛❡❧✬s ❡q✉❛t✐♦♥s
❚❤❡ s❧♦✇♥❡ss ❝✉r✈❡s ❤❛✈❡ ❜❡❡♥ s✐♠✉❧❛t❡❞ ❢r♦♠ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❈❤r✐st♦✛❡❧✬s ❡q✉❛t✐♦♥s✳ ❋♦r
❛ ❣✐✈❡♥ k ♣r♦♣❛❣❛t✐♦♥ ❞✐r❡❝t✐♦♥✱ t❤❡ ❡q✉❛t✐♦♥s ❤❛✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠
❬✷✵✱ ✷✶❪✿
[Γ] {A} = γ {A} ✭✼✮
❲❤❡r❡ Γ = kic¯ijklkl ❛♥❞ γ = ρv
2✱ ✇❤✐❧❡ c¯ijkl ✐♥❞✐❝❛t❡s t❤❡ ❤♦♠♦❣❡♥✐s❡❞ ❢♦✉rt❤✲♦r❞❡r str❡ss✲
str❛✐♥ t❡♥s♦r ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ♠❛t❡r✐❛❧ ♦❢ t❤❡ ♣②r❛♠✐❞❛❧ ❛✉①❡t✐❝ ❧❛tt✐❝❡✳ ❚❤❡ ❞❡t❡r♠✐♥❛♥t
♦❢ ✭✼✮ ❡q✉❛t❡❞ t♦ ③❡r♦ ②✐❡❧❞s t❤r❡❡ ❡✐❣❡♥✈❛❧✉❡s ✐♥ t❡r♠s ♦❢ ρv2 (k)✱ ❧❡❛❞✐♥❣ t♦ t❤r❡❡ s❧♦✇♥❡ss
❝✉r✈❡s s (k) = 1/v (k) ❛ss♦❝✐❛t❡❞ t♦ |k| = 1 ❬✷✶❪✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✇❛✈❡ ✈❡❝t♦r k ♣r♦♣❛❣❛t✐♥❣
✐♥ t❤❡ xz ♣❧❛♥❡ ✭✇✐t❤ k = cos (φ)k+sin (φ) i✱ i,k ❜❡✐♥❣ t❤❡ ✉♥✐t ✈❡rs♦rs ♦❢ t❤❡ x ❛♥❞ z ❛①✐s





c¯55 + (c¯11 − c¯55) sin2 φ 0 (c¯13 + c¯55) cosφ sinφ
0 c¯44 + (c¯66 − c¯44) sin2 φ 0
(c¯13 + c¯55) cosφ sinφ 0 c¯33 + (c¯55 − c¯33) sin2 φ

 ✭✽✮
❲❤❡♥ t❤❡ ❡❧❛st✐❝ ❝♦♥st❛♥ts ❛r❡ ♥♦r♠❛❧✐s❡❞ ❛❣❛✐♥st c¯11/
√
ρ ✭ρ ❜❡✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡





i (φ) ✐♥ t❤❡ xz ♣❧❛♥❡✳
❋♦r ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ xy ♣❧❛♥❡ ✭✐✳❡✳✱ k = cos (φ) j+ sin (φ) i✱ ✇✐t❤ i, j t❤❡ ✉♥✐t






2 φ+ c¯66 sin
2 φ (c¯12 + c¯66) cosφ sinφ 0
(c¯12 + c¯66) cosφ sinφ c¯66 cos
2 φ+ c¯22 sin
2 φ 0
0 0 c¯55 cos




❚❤❡ s❧♦✇♥❡ss ❝✉r✈❡s si (φ) = γ
−1/2
i (φ) ❝❛♥ ❛❧s♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ♥♦r♠❛❧✐s✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts
✐♥ ✭✾✮ ❜② c¯11/
√
ρ✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ✭✼✮ ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❞❡t▼❛t❧❛❜➞ r♦✉t✐♥❡✱
✇✐t❤ t❤❡ t❡♥s♦r ❝♦❡✣❝✐❡♥ts c¯ij ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❋❊ ❤♦♠♦❣❡♥✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞
❛❜♦✈❡✳
✼
❈✳ ❋❧♦q✉❡t ❛♥❞ ❇❧♦❝❤ t❤❡♦r❡♠s ❢♦r ❡❧❛st♦✲❞②♥❛♠✐❝ ❞✐s♣❡rs✐♦♥ ❛♥❛❧②s✐s
✶✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦
▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ✐♥✜♥✐t❡ ♣❡r✐♦❞✐❝ ❡❧❛st♦❞②♥❛♠✐❝ ♣r♦❜❧❡♠ ❛s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳ ❚❤❡
❤❛r♠♦♥✐❝ ❤♦♠♦❣❡♥❡♦✉s ❞②♥❛♠✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ♦❢ s②st❡♠ ✐s ❞r✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✐❛❧
❞❡r✐✈❛t✐✈❡ ❡q✉❛t✐♦♥✿
ρ(x)ω2w(x) +∇C(x)∇sym(w(x)) = 0 ∀x ∈ R3 ✭✶✵✮
✇❤❡r❡ w(x) ✐♥ R3 ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r✱ C(x) st❛♥❞s ❢♦r t❤❡ ❍♦♦❦ ❡❧❛st✐❝✐t② t❡♥s♦r
❛♥❞ ε(x) = ∇sym(w(x)) = 12(∇wT (x) + w(x)∇T ) ✐s t❤❡ str❛✐♥ t❡♥s♦r✳ ❇② ❝♦♥s✐❞❡r✐♥❣ ❛
♣r✐♠✐t✐✈❡ ❝❡❧❧ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠ ΩR ❛♥❞ ❜② ✉s✐♥❣ t❤❡ ❇❧♦❝❤ t❤❡♦r❡♠✱ t❤❡ ❛ss♦❝✐❛t❡❞
❇❧♦❝❤ ❡✐❣❡♥♠♦❞❡s ❛♥❞ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② s❡❛r❝❤✐♥❣ t❤❡ ❡✐❣❡♥ s♦❧✉t✐♦♥s
♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠✿
w(x) = wn,k(x,k)e
ik.x ✭✶✶✮
✇❤❡r❡ wn,k(x,k) ❛r❡ ΩR✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❛t ❝❛s❡ wn,k(x,k) ❛♥❞ ωn(k) ❛r❡ t❤❡








T + k.wTn,k(x)).k = 0 ∀x ∈ ΩR
✭✶✷✮
wn,k(x−R.n)−wn,k(x) = 0 ∀x ∈ ΓR ✭✶✸✮
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ❡q✉❛t✐♦♥s ✭✶✷✮ ♦♥ ❛ ✉♥✐t ❝❡❧❧ ΩR ✳ ❚❤❛t ❡①♣r❡ss✐♦♥
st❛♥❞s ❢♦r ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❧❡❛❞✐♥❣ t♦ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s
ωn(k) ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❋❧♦q✉❡t ❡✐❣❡♥✈❡❝t♦rs wn,k(x)✳ ❋♦r ✸❉ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ✇❛✈❡ ✈❡❝✲
t♦rs ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❝♦♠♣❧❡① ✐❢ ❞❛♠♣✐♥❣ t❡r♠s ❛r❡ ❛❞❞❡❞ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✶✷✮ ✱ ❛♥❞ ❝❛♥







 = kΦ✱ ✇❤❡r❡ θ ❛♥❞ φ r❡♣r❡s❡♥t t❤❡ ❞✐r❡❝t✐♦♥
✽
❛♥❣❧❡s ✐♥t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ❧❛tt✐❝❡ ❞♦♠❛✐♥✱ ❛♥❞ Φ ❛s t❤❡ ❞✐r❡❝t✐♦♥ ✈❡❝t♦r✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥
❛ss✉♠❡s t❤❛t r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ ✈❡❝t♦r k ❛r❡ ❝♦✲❧✐♥❡❛r✳
❆❢t❡r t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ ♣❡r✐♦❞✐❝✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛ ❢❡✇ ❛rr❛♥❣❡♠❡♥ts✱ ❛ ✇❡❛❦
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿






❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❛ st❛♥❞❛r❞ ✜♥✐t❡ ❡❧❡♠❡♥ts ♠❡t❤♦❞ t♦
❞✐s❝r❡t✐s❡ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✶✹✮ ✳ ❚❤❡ ❛ss❡♠❜❧❡❞ ♠❛tr✐① ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿
(K + λL}(Φ)− λ2H({Φ})− ω2n(λ, (Φ})M )wn,k(Φ) = 0 ✭✶✺✮
✇❤❡r❡ λ = ik✱M ❛♥❞ K ❛r❡ t❤❡ st❛♥❞❛r❞ s②♠♠❡tr✐❝ ❞❡✜♥✐t❡ ♠❛ss ❛♥❞ s②♠♠❡tr✐❝ s❡♠✐✲



















❲❤❡♥ k ❛♥❞ Φ ❛r❡ ✜①❡❞✱ t❤❡ s②st❡♠ ✭✶✺✮ ✐s ❛ ❧✐♥❡❛r ❡✐❣❡♥ ✈❛❧✉❡ ♣r♦❜❧❡♠✱ t❤❡ s♦❧✉t✐♦♥ ♦❢
✇❤✐❝❤ ❛❧❧♦✇s ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥s ω2n(k,Φ) ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❇❧♦❝❤ ❡✐❣❡♥✲
✈❡❝t♦r wn,k(Φ) ✳
❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❝❧❛ss✐❝❛❧❧② ✉s❡❞ ❢♦r ❤♦♠♦❣❡♥✐③❛t✐♦♥✱ s♣❡❝tr❛❧ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ❬✷✷❪✳
■♥ t❤❡ ❝♦♥t❡①t ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✱ ❞✐s♣❡rs✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❡✈❡♥ ✐❢ ❋❧♦q✉❡t
♣r♦♣❛❣❛t♦rs ❛r❡ ♣r❡❢❡rr❡❞ ❢♦r ✶❉ ♦r q✉❛s✐ ✶❉ ❝♦♠♣✉t❛t✐♦♥✱ ❛s ✐♥❞✐❝❛t❡❞ ❜② ❬✷✸❪✱ ❬✷✹❪ ♦r
❬✷✺❪✳ ▼♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡ ❛♣♣❧✐❡❞ ❢♦r ✉♥❞❛♠♣❡❞ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✱
r❡♣r❡s❡♥t❡❞ ❜② ❛ s❡t ♦❢ ❝♦♥st❛♥t ❛♥❞ r❡❛❧ ♠❛tr✐❝❡s✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ✉s✐♥❣
❛ ♠❡s❤ ♦❢ t❤❡ ✭r❡❛❧✮ k✲s♣❛❝❡ ✭✐✳❡ k ♦r λ ❛♥❞ Φ✮ ✐♥s✐❞❡ t❤❡ ✜rst ❇r✐❧❧♦✉✐♥ ③♦♥❡ ❢♦r ♦❜t❛✐♥✐♥❣
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢r❡q✉❡♥❝② ❞✐s♣❡rs✐♦♥ ❞✐❛❣r❛♠s ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❋❧♦q✉❡t ✈❡❝t♦rs✳ ❋♦r
✾
✉♥❞❛♠♣❡❞ s②st❡♠s✱ ♦♥❧② ♣r♦♣❛❣❛t✐♥❣ ♦r ❡✈❛♥❡s❝❡♥t ✇❛✈❡s ❡①✐st✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❢❛♠✐❧✐❡s ♦❢
❡✐❣❡♥s♦❧✉t✐♦♥s ♣✉r❡❧② r❡❛❧ ♦r ✐♠❛❣✐♥❛r②✳ ❉✐s❝r✐♠✐♥❛t✐♦♥ ❜❡t✇❡❡♥ ❡❛❝❤ ❝❧❛ss ♦❢ ✇❛✈❡s ✐s q✉✐t❡
str❛✐❣❤t❢♦r✇❛r❞✳ ■❢ ❛ ❞❛♠♣❡❞ s②st❡♠ ✐s ❝♦♥s✐❞❡r❡❞✱ ✐✳❡✳ ✐❢ ♠❛tr✐❝❡s K, L, H ❛r❡ ❝♦♠♣❧❡①✱
t❤❡ ❡✈❛♥❡s❝❡♥t ♣❛rt ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s ❛♣♣❡❛r ❛s t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ ω2n(λ,Φ) ❛♥❞
✈✐❝❡ ✈❡rs❛✳ ■t t❤❡♥ ❜❡❝♦♠❡s ✈❡r② ❞✐✣❝✉❧t t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ✇❛✈❡s✱ ❜✉t ❛❧s♦ t♦
❝♦♠♣✉t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❤②s✐❝❛❧ ✇❛✈❡✬s ♠♦✈❡♠❡♥ts ❜② ❛♣♣❧②✐♥❣ s♣❛t✐❛❧ ❞❡❝♦♥✈♦❧✉t✐♦♥✳
■t ✐s ♣♦ss✐❜❧❡ t♦ r❡❛rr❛♥❣❡ t❤❡ s②st❡♠ ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❞❛♠♣✐♥❣ ❡✛❡❝ts ❬✷✻❪✳
❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ❛❧s♦ ♣r♦✈✐❞❡s s✉✐t❛❜❧❡ ❝♦♥t❡♥ts ❢♦r t✐♠❡✴s♣❛❝❡ ❞❡❝♦♥✈♦❧✉t✐♦♥ ❛♥❞ ❢♦r t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥ ♣r♦♣❡rt✐❡s ❛s ❞❡✜♥❡❞ ❜② ❬✷✼❪ ♦r ❬✷✹❪✳ ■t ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐s❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✿
(K − ω2M ) + λn(ω,Φ)L(Φ)− λ2n(ω,Φ)H(Φ))wn,k(Φ) = 0 ✭✶✼✮
■♥ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ ♣✉❧s❛t✐♦♥ ω ❛♥❞ t❤❡ ♣r♦♣❛❣❛t✐✈❡ ❛♥❣❧❡ Φ ❛r❡ ✜①❡❞ r❡❛❧ ♣❛r❛♠❡t❡rs✳
❲❛✈❡✬s ♥✉♠❜❡rs λn = ikn ❛♥❞ ❛ss♦❝✐❛t❡❞ ❋❧♦q✉❡t ✈❡❝t♦rs wn,k ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣
t❤❡ q✉❛❞r❛t✐❝ ❡✐❣❡♥ ♣r♦❜❧❡♠ ✭✶✼✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧❧♦✇s t♦ ✐♥tr♦❞✉❝❡ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t
♠❛tr✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❣❡♥❡r❛❧✐③❡❞ ❞❛♠♣✐♥❣ t❡r♠s ✭✈✐s❝♦❡❧❛st✐❝✐t②✮✱ ♠✉❧t✐♣❤②s✐❝s ❝♦✉♣❧✐♥❣
✭❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ✇✐t❤ ❡❧❡❝tr♦♥✐❝ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✮✱ ❢♦❛♠ ✭❇✐♦t✲❆❧❧❛r❞ ♠♦❞❡❧✮
♦r ♦♣❡♥ ❞♦♠❛✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❙♦♠♠❡r❢❡❧❞ ❝♦♥❞✐t✐♦♥✮✳ ❇❛s❡❞ ♦♥ t❤✐s ❛♣♣r♦❛❝❤✱ ❛♥
✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ t❤❡ k✲s♣❛❝❡ ❞♦♠❛✐♥ ❧❡❛❞s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❤②s✐❝❛❧ ✇❛✈❡✬s
❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ❡♥❡r❣② ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r ✇❤❡♥ t❤❡ ♣❡r✐♦❞✐❝ ❞✐str✐❜✉t✐♦♥ ✐s ❝♦♥♥❡❝t❡❞ t♦
❛♥♦t❤❡r s②st❡♠ ❬✷✼❪✳ ❆♥♦t❤❡r t❡♠♣♦r❛❧ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ♣r♦✈✐❞❡ ❛ ✇❛②
t♦ ❛❝❝❡ss s♣❛❝✐❛❧✲t❡♠♣♦r❛❧ r❡s♣♦♥s❡ ❢♦r ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❆s L ✐s s❦❡✇✲
s②♠♠❡tr✐❝✱ t❤❡ r❡s✉❧t✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ q✉❛❞r✉♣❧❡ ✭λ, λ¯,−λ,−λ¯✮✱ ❛♥❞ ❝♦❧❧❛♣s✐♥❣ ✐♥t♦ r❡❛❧
♦r ✐♠❛❣✐♥❛r② ♣❛✐rs ✭♦r ❛ s✐♥❣❧❡ ③❡r♦✮ ✇❤❡♥ ❛❧❧ ♠❛tr✐❝❡s ❛r❡ r❡❛❧ ❢♦r ✉♥❞❛♠♣❡❞ s②st❡♠s✳ ■♥
t❤❡ ❣❡♥❡r❛❧ ❞❛♠♣❡❞ ❝❛s❡✱ ♦♥❡ ♦❜t❛✐♥s ❛ ♣❛✐r ♦❢ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡✈❛♥❡s❝❡♥t
♠♦❞❡s ♦r✐❡♥t❡❞ ✐♥ t✇♦ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s ♦♥ t❤❡ k✲s♣❛❝❡✱ ❛♥❞ ✐♠❛❣✐♥❛r② ✈❛❧✉❡s t♦ t✇♦
tr❛✈❡❧✐♥❣ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❡✐❣❡♥s♦❧✉t✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡
❣✐✈❡♥ ❜② t❤❡ ❙❆❋❊ ♠❡t❤♦❞ ✐♥ ✶❉ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♠❛t❡r✐❛❧ ✭♥♦♥ ♣❡r✐♦❞✐❝✮✱ ❛♥❞ ❛❞❞✐t✐♦♥❛❧
✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❡①tr❛♣♦❧❛t❡❞ ❢r♦♠ ❬✷✽❪✳ ❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞
✐♥ t❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✇✐t❤ s❡✈❡r❛❧ t❡st ❝❛s❡s ✐♥ ❬✷✻❪✳
❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ r❡❛❧ ♣❛rt ♦❢ k = kΦ ✈❡❝t♦r ✐s ❝❧❛ss✐❝❛❧❧② r❡str✐❝t❡❞ t♦ t❤❡
✜rst ❇r✐❧❧♦✉✐♥ ③♦♥❡✳ ■♥ t❤❡ q✉❛❞r❛t✐❝ ❡✐❣❡♥ ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✼✮ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❝♦♠♣✉t❡❞
✶✵
s♦❧✉t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ❝♦♥✜♥❡❞ t♦ ❛ s♣❡❝✐✜❝ ❇r✐❧❧♦✉✐♥ ③♦♥❡✳ ❋♦r ❛ ❞✐r❡❝t✐♦♥ ✈❡❝t♦rΦ ♦rt❤♦❣♦♥❛❧
t♦ t❤❡ ❧❛tt✐❝❡ ❢❛❝❡ts ✭✐✳❡✳ ❢♦r Φp1 = [1, 0]
T ❛♥❞ Φp2 = [0, 1]
T ✐♥ ❛ ✷❉ r❡❝t❛♥❣✉❧❛r ❝❡❧❧✮✱ t❤❡
♣❡r✐♦❞✐❝❛❧ ❝♦♥❞✐t✐♦♥s ❡①♣r❡ss❡❞ ❢♦r ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✇❛✈❡❣✉✐❞❡ ❛r❡ st✐❧❧ ✈❛❧✐❞✿ ✐❢ λj(Φp) ✐s
❛♥ ❡✐❣❡♥ ✈❛❧✉❡ ❛ss♦❝✐❛t❡❞ t♦ wj,k(Φp)✱ t❤❡♥ ∀m ∈ Z3, λ + i.ΦTp (G.m) ✐s ❛❧s♦ ❛♥ ❡✐❣❡♥✈❛❧✉❡
❛ss♦❝✐❛t❡❞ t♦ wj,k(Φp)e
−i.ΦTp (G.m)x✳ ❚❤✉s✱ ❢♦r ✉♥❞❛♠♣❡❞ s②st❡♠s✱ ❛❧❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡
♣❡r✐♦❞✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✐♥ t❤❡ k✲s♣❛❝❡ ❛❧♦♥❣ ✐ts ♣r✐♥❝✐♣❛❧ ❞✐r❡❝t✐♦♥s✳
✷✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❡✈❛♥❡s❝❡♥❝❡ ❛♥❞ ❞❛♠♣❡❞ ♣♦✇❡r ✢♦✇ ❝r✐t❡r✐❛
❖♥❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ♣r♦✈✐❞❡ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞♦❧♦❣② t♦ ❞❡s❝r✐❜❡ t❤❡ ♣❛rt✐❝✉❧❛r
❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡♥❡r❣② ✢♦✇ ✐♥t♦ t❤❡ ♣❡r✐♦❞✐❝❛❧❧② ❑✐r✐❣❛♠✐ ❛✉①❡t✐❝ ❝♦r❡✳ ❖♥❡ t❤❡r❡❢♦r❡ ♥❡❡❞s
t♦ ❞❡✜♥❡ s✉✐t❛❜❧❡ ✐♥❞✐❝❛t♦r ❢♦r ❞✐st✐♥❣✉✐s❤✐♥❣ ♣r♦♣❛❣❛t✐✈❡ ❛♥❞ ❡✈❛♥❡s❝❡♥t ❜❡❤❛✈✐♦r ❡s♣❡❝✐❛❧❧②
✇❤❡♥ ❞❛♠♣❡❞ s②st❡♠ ✐s ❝♦♥❝❡r♥❡❞✳ ❚❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ ❛ ❣✐✈❡♥ ❇❧♦❝❤ ✇❛✈❡ t♦ tr❛♥s♣♦rt ❡♥❡r❣②
✐s ❣✐✈❡♥ ❜② ✐ts ❣r♦✉♣ ✈❡❧♦❝✐t②✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ❤♦✇ ❡♥❡r❣② ✐s tr❛♥s♣♦rt❡❞ ✐♥t♦ t❤❡ ❝♦♥s✐❞❡r❡❞
s②st❡♠✱ ❛❧❧♦✇✐♥❣ ❛❧s♦ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ♣r♦♣❛❣❛t✐✈❡ ❛♥❞ ❡✈❛♥❡s❝❡♥t ✇❛✈❡s✳ ■❢ ❛ ❇❧♦❝❤
❡✐❣❡♥ s♦❧✉t✐♦♥ ✭✐✳❡ un(ω, φ), kn(ω) ✮ ✐s ❝♦♥s✐❞❡r❡❞✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❣r♦✉♣ ✈❡❧♦❝✐t② ✈❡❝t♦r ❬✷✾❪
✐s ❣✐✈❡♥ ❜②✿





❲❤❡r❡ 〈〈:〉〉 ✐s t❤❡ s♣❛t✐❛❧ ❛♥❞ t✐♠❡ ❛✈❡r❛❣❡ r❡s♣❡❝t✐✈❡❧② ♦♥ ♦♥❡ ❝❡❧❧ ❛♥❞ ♦♥❡ ♣❡r✐♦❞ ♦❢
t✐♠❡✱ ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❡♥❡r❣② ✢♦✇✱ I t❤❡ ♠❡❛♥ ✐♥t❡♥s✐t② ❛♥❞ etot✱ Etot t❤❡ t♦t❛❧ ❡♥❡r❣② ❛♥❞
✐ts t✐♠❡ ❛✈❡r❛❣❡ ♦♥ ❛ ♣❡r✐♦❞ ✭s❡❡ ❭❝✐t❡④▼❛②s❡♥❤♦❧❞❡r✶✾✾✹⑥ ❢♦r ❞❡t❛✐❧s✮✳













❲❤❡r❡ .∗ ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✱ Re st❛♥❞s ❢♦r r❡❛❧ ♣❛rt ❛♥❞ Vol ❢♦r t❤❡ ❞♦✲
♠❛✐♥ ✈♦❧✉♠❡✳ ❆s t❤❡ s♣❛❝✐❛❧✲t❡♠♣♦r❛❧ ❛✈❡r❛❣❡ ♦❢ t❤❡ s②st❡♠ ▲❛❣r❛❣✐❛♥ ✐s ♥✉❧❧ ✭s❡❡
❭❝✐t❡④▼❛②s❡♥❤♦❧❞❡r✶✾✾✹⑥✮✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ❛✈❡r❛❣❡ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ♦♥❧② ❝♦♠♣✉t✐♥❣








n(x, ω, φ)dΩ) ✭✷✵✮
✶✶
❚❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t② ✈❡❝t♦rs Cgn(ω, φ) ❛r❡ ❝♦♠♣✉t❡❞ ❢♦r ❛❧❧ ✇❛✈❡ ♥✉♠❜❡rs ❛t ❡❛❝❤ ❢r❡q✉❡♥❝②✳
✸✳ ❚❡st ❝❛s❡ ❢♦r t❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡
❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣② ✐s ✉s❡❞ t♦ st✉❞② t❤❡ ✇❛✈❡ ❞✐s♣❡rs✐♦♥ ✐♥t♦ ❛ ✷ ❞✐♠❡♥s✐♦♥❛❧
❑✐r✐❣❛♠✐ ❛✉①❡t✐❝ ❧❛tt✐❝❡✳ ■t ❝♦♥s✐sts ♦❢ ❛♥ ✐♥✜♥✐t❡ ♣❡r✐♦❞✐❝ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ✇❛✈❡❣✉✐❞❡ ♠❛❞❡
♦❢ ❛ ♣❡r✐♦❞✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✉♥✐t❛r② ❝❡❧❧ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✺✳ ❚❤❡ s②st❡♠ ✐s ♠❛❞❡ ♦❢ ❛
2.5mm t❤✐❝❦ ♣❧❛t❡ ❛ss❡♠❜❧② ♠❛❞❡ ♦❢ ✐s♦tr♦♣✐❝ ❞❛♠♣❡❞ ♥♦♥✲✇♦✈❡♥ ❑❡✈❧❛r ♣♦❧②♠❡r ✇✐t❤ t❤❡
s❛♠❡ ♠❡❝❤❛♥✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✉s❡❞ ❢♦r t❤❡ ❋❊ ❤♦♠♦❣❡♥✐s❛t✐♦♥✳ ❚♦ ❝♦♥s✐❞❡r t❤❡ ✐♥tr✐♥s✐❝
♠❛t❡r✐❛❧ ❞❛♠♣✐♥❣ ♦❢ t❤❡ ❝♦r❡ ♠❛t❡r✐❛❧✱ ❛♥ ❤②st❡r❡t✐❝ ❞❛♠♣✐♥❣ ❢❛❝t♦r ♦❢ 0.001 ❤❛s ❜❡❡♥ ❛s✲
s✉♠❡❞✱ ❝♦♥s✐st❡♥t t♦ ❤②st❡r❡t✐❝ ❧♦ss ❢❛❝t♦rs ♦❢ t❤❡r♠♦s❡t✴❡♣♦①② ♣r❡♣r❡❣s ❬✸✵❪✳ ❚❤❡ ❝❡❧❧ s✐③❡
✐s 120mm2✳ ❚❤❡ ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ❡✐❣❡♥ ❢r❡q✉❡♥❝✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥② k ✈❡❝✲
t♦r ❞❡s❝r✐❜❡❞ ✐♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s s②st❡♠ ❜② ✐ts r❛❞✐✉s k ❛♥❞ ✐ts ❛♥❣❧❡ φ ✐♥ t❤❡ ✇❤♦❧❡
✜rst ❇r✐❧❧♦✉✐♥ ❞♦♠❛✐♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✸❉ ✇❡❛❦ ❢♦r♠✉❧❛✲








❚❤❡ ❛♣♣❧✐❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉❛❧✐t✐❡s ♦❢ ❛❧❧ ✸❉ ❞✐s♣❧❛❝❡♠❡♥ts ♦♥ t❤❡ t✇♦ ♣❛✐rs








♦♥ ❛❧❧ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s✳ ❚♦ ✐♠♣♦s❡ s✉❝❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ❛♥ ❡①tr✉s✐♦♥ ❝♦✉♣❧✐♥❣ ✈❛r✐❛❜❧❡ ♠❛♣s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❢r♦♠ t❤❡ s♦✉r❝❡ ❢❛❝❡





❆s t❤❡ ❞♦♠❛✐♥s ❛r❡ ♦❢ t❤❡ s❛♠❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ✇❡ t②♣✐❝❛❧❧② ✉s❡ ❛ ♣♦✐♥t✲✇✐s❡ ♠❛♣♣✐♥❣✳
❚❤❡ ❡①♣♦rt❡❞ ♠❛♣♣✐♥❣ ✐s ❛❧s♦ ❝♦✉♣❧❡❞ t♦ t❤❡ ❞❡st✐♥❛t✐♦♥ ❞✐s♣❧❛❝❡♠❡♥t ❜② ✉s✐♥❣ ❞❡❞✐❝❛t❡❞
▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♠❛❞❡ ✇✐t❤ ❈❖▼❙❖▲ ▼✉❧t✐♣❤②s✐❝s➞ ♣❧❛t❢♦r♠
❛♥❞ ♣❛r❛♠❡tr✐❝ ❝♦♠♣✉t❛t✐♦♥ t♦ ♦❜t❛✐♥ k(ω, φ) ✐s ❝❛rr✐❡❞ ♦✉t ✇✐t❤ ▼❛t❧❛❜➞ r♦✉t✐♥❡s✳ ❋♦r
❡❛❝❤ ♣❛r❛♠❡t❡rs ω andφ✱ t❤❡ q✉❛❞r❛t✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s ❛ ✜rst
♦r❞❡r ♦♥❡ ❜② ❞♦✉❜❧✐♥❣ t❤❡ st❛t❡ ❞✐♠❡♥s✐♦♥✳ ❆❢t❡r ❝♦♥str❛✐♥t ❤❛♥❞❧✐♥❣✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✇r✐t❡
t❤❡ s②st❡♠ ✐♥ t❤❡ ❢♦r♠ {A}{x} = λ{B}{x}✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✲
✉❡s ♦❢ t❤❡ ♠❛tr✐① {C} = {A}−1{B} ✳ ❚♦ ❞♦ t❤✐s✱ t❤❡ s♦❧✈❡r ✉s❡s t❤❡ ❆❘P❆❈❑ ❋❖❘❚❘❆◆
r♦✉t✐♥❡s ❢♦r ❧❛r❣❡✲s❝❛❧❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② ❬✸✶❪✳ ❚❤✐s ❝♦❞❡ ✐s ❜❛s❡❞
♦♥ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠✿ t❤❡ ✐♠♣❧✐❝✐t❧② r❡st❛rt❡❞ ❆r♥♦❧❞✐ ♠❡t❤♦❞ ✭■❘❆▼✮✳
❚❤❡ ❆❘P❆❈❑ r♦✉t✐♥❡s ♠✉st ♣❡r❢♦r♠ s❡✈❡r❛❧ ♠❛tr✐①✲✈❡❝t♦r ♠✉❧t✐♣❧✐❝❛t✐♦♥s {C}{v}✱ ✇❤✐❝❤
✶✷
❛r❡ ❛❝❝♦♠♣❧✐s❤❡❞ ❤❡r❡ ❜② s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠ {A}{x} = {B}{v} ✉s✐♥❣ t❤❡ P❆❘❉■❙❖
s♦❧✈❡r ❞❡✈❡❧♦♣❡❞ ❜② ❬✸✷❪✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✉s❡s ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs ❛♥❞ ✐s
✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ♦✉t ♦❢ ❝♦r❡ ♠❡♠♦r② ♠❛♥❛❣❡♠❡♥t ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❛♥② ♠❡♠♦r② ♣r♦❜❧❡♠
❡✈❡♥ ✇❤❡♥ ❞❡♥s❡ ✭❛♥❞ ❝♦♥✈❡r❣❡❞✮ ♠❡s❤ ✐s ❝♦♥s✐❞❡r❡❞ ✭❋✐❣✉r❡ ✻✮✳ ❚❤❡ ✜rst ♠❡s❤ ❝❛s❡ ❝♦♥s✐sts
♦❢ ✹✹✼✽ t❡tr❛❤❡❞r❛❧ ▲❛❣r❛♥❣❡ q✉❛❞r❛t✐❝ ❡❧❡♠❡♥ts ❢♦r ✷✺✾✸✽ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞ t❤❡ r❡✜♥❡❞
♦♥❡ ♦❢ ✹✵✼✷✾ t❡tr❛❤❡❞r❛❧ ▲❛❣r❛♥❣❡ q✉❛❞r❛t✐❝ ❡❧❡♠❡♥ts ❢♦r ✶✾✼✹✸✵ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ■♥ t❤❡
t❡st ❝❛s❡s ❝♦♥s✐❞❡r❡❞ ✇✐t❤✐♥ t❤✐s ✇♦r❦✱ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ✐s ω = 2π.[1000 : 1000 : 10000]







❋✐❣✉r❡ ✼❛ s❤♦✇s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ P♦✐ss♦♥✬s r❛t✐♦ νxy ✭❡q✉❛❧ t♦ νyx ❢♦r s②♠♠❡tr②
r❡❛s♦♥s✮ ❢♦r ❞✐✛❡r❡♥t δ ✈❛❧✉❡s ❛t ✈❛r②✐♥❣ ✐♥t❡r♥❛❧ ❝❡❧❧ ❛♥❣❧❡s ✭β = 0.05✮✳ ❚❤❡ ❛✉①❡t✐❝ ✭♥❡❣❛t✐✈❡
P♦✐ss♦♥✬s r❛t✐♦✮ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❑✐r✐❣❛♠✐ ❧❛tt✐❝❡ ✐s ❡✈✐❞❡♥t ❢♦r t❤❡ θ r❛♥❣❡ ❝♦♥s✐❞❡r❡❞✱ ❛♣❛rt
❢r♦♠ ✈❡r② s♠❛❧❧ ✭θ < 2o✮ ❛♥❞ ❧❛r❣❡ ✭θ > 78o✮✳ ❙♠❛❧❧ ❛♥❣❧❡s ✐♥❞✐❝❛t❡ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤❡r❡ t❤❡
❧✐❣❛♠❡♥ts l t❡♥❞ t♦ ❜❡ ❛❧♠♦st ✢❛t ✭❤♦r✐③♦♥t❛❧✮✱ ✇❤✐❧❡ ❤✐❣❤ ❛♥❣❧❡s ❛r❡ r❡❧❛t❡❞ t♦ ❝♦♥✜❣✉r❛t✐♦♥s
✇❤❡r❡ t❤❡ ❧✐❣❛♠❡♥ts t❡♥❞ t♦ st❛♥❞ ✉♣r✐❣❤t ✭✈❡rt✐❝❛❧✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❧✐❣❛♠❡♥ts l t❡♥❞ t♦
❜❡ ❞♦♠✐♥❛t❡❞ ❜② ❛①✐❛❧ ❞❡❢♦r♠❛t✐♦♥ ♠❡❝❤❛♥✐s♠s✱ ✇❤✐❝❤ ❝♦♥tr✐❜✉t❡ s✐❣♥✐✜❝❛♥t❧② t♦ ❛ ❧♦✇❡r✐♥❣
♦♥ t❤❡ P♦✐ss♦♥✬s r❛t✐♦ ✈❛❧✉❡s ✐♥ ❝❡♥tr❡s②♠♠❡tr✐❝ ❤♦♥❡②❝♦♠❜ ❛ss❡♠❜❧✐❡s ✇✐t❤ r✐❜s ❤❛✈✐♥❣
✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r ❬✸✸❪✳ ❇❡t✇❡❡♥ 10o ❛♥❞ 30o t❤❡ P♦✐ss♦♥✬s r❛t✐♦ t❡♥❞s t♦ ❤❛✈❡ ✐ts ❤✐❣❤❡st
♠❛❣♥✐t✉❞❡ ✭∼ −0.9 ❢♦r δ = 5.0✮✱ ✇❤✐❝❤ t❡♥❞s t♦ ❞❡❝r❡❛s❡ ❛s s♦♦♥ ❛s t❤❡ str❡t❝❤✐♥❣ ❡✛❡❝ts ♦❢
t❤❡ ❧✐❣❛♠❡♥ts st❛rt t♦ ❜❡ ♣r❡s❡♥t ✐♥ t❤❡ ♠✐❝r♦str✉❝t✉r❡✳ ❚❤❡ ♠♦r❡ t❤❡ ❧✐❣❛♠❡♥t ❛❧s♦ ❛ss✉♠❡s
❛ ♣❧❛t❡✲❧✐❦❡ s❤❛♣❡ ✭✐✳❡✳✱ ❧♦✇❡r✐♥❣ δ ✈❛❧✉❡s✮✱ t❤❡ ❧♦✇❡r t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ P♦✐ss♦♥✬s
r❛t✐♦✱ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♥♦✇ r❡❛❝❤❡❞ ❛t ❧♦✇❡r ✐♥t❡r♥❛❧ ❝❡❧❧ ❛♥❣❧❡ ✭νxy = −0.6 ❢♦r
δ = 1.0✮✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ P♦✐ss♦♥✬s r❛t✐♦ νxz ✭❋✐❣✉r❡ ✼❜✮ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✱
r❛♥❣✐♥❣ ❜❡t✇❡❡♥ ✵✳✹✺ ❛♥❞ ✵✳✷✱ ✇✐t❤ ❛ s❡♠✐✲♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ ✐♥t❡r♥❛❧ ❝❡❧❧ ❛♥❣❧❡✱
♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ✇✐t❤ ♣❧❛t❡✲❧✐❦❡ r✐❜s l ✭δ = 1.0✮✳
❋✐❣✉r❡ ✽❛ s❤♦✇s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ✭Ex = Ey✮ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ✭Ez✮ ❨♦✉♥❣✬s
♠♦❞✉❧✉s ✈❡rs✉s t❤❡ ✐♥t❡r♥❛❧ ❝❡❧❧ ❛♥❣❧❡ ❢♦r t✇♦ r✐❜ ❛s♣❡❝t r❛t✐♦s ✭δ = 1.0 ❛♥❞ δ = 3.0✮✳ ❆♥
✐♠♣♦rt❛♥t ❛s♣❡❝t t♦ ❤✐❣❤❧✐❣❤t ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ tr❛♥s✈❡rs❡ st✐✛♥❡ss ✐s ❧♦✇❡r t❤❛♥ ✐♥ t❤❡
✶✸
✐♥✲♣❧❛♥❡ ♦♥❡✳ ❋♦r ✈❡r② s♠❛❧❧ ❛♥❣❧❡s ✭✐♥s❡t ❞✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✽❛✮ t❤❡ r❛t✐♦ Ex/Ez ✐s ✷ ❢♦r
δ = 1.0✱ ✇❤✐❧❡ ❢♦r θ > 20o t❤❡ r❛t✐♦ ❝❛♥ ✈❛r② ❜❡t✇❡❡♥ ✹ ❛♥❞ ✾ t✐♠❡s✳ ▲♦✇❡r st✐✛♥❡ss r❛t✐♦s ❛r❡
♦❜s❡r✈❡❞ ❢♦r ✐♥❝r❡❛s✐♥❣ δ ✈❛❧✉❡s✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ✐s ✉♥✉s✉❛❧ ❢♦r ❝❧❛ss✐❝❛❧ ❝❡❧❧✉❧❛r str✉❝t✉r❡s✱
✇❤♦ s❤♦✇ ❛ ❧✐♥❡❛r s❝❛❧✐♥❣ ✈❡rs✉s β ♦❢ t❤❡ tr❛♥s✈❡rs❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ✇❤✐❧❡ t❤❡ ✐♥✲
♣❧❛♥❡ ♦♥❡s s❝❛❧❡ ✇✐t❤ β3 ❬✸✹❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s ❛
♣r✐s♠❛t✐❝ ❤♦♥❡②❝♦♠❜ ✭❤❛❧❢✮ s❡❝t✐♦♥✱ ✇❤❡r❡ t❤❡ r✐❜s ❞❡❢♦r♠ ✉♥❞❡r ❜❡♥❞✐♥❣✱ ✇❤✐❧❡ t❤❡ xy✲♣❧❛♥❡
♣r♦♣❡rt✐❡s ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② ♠❡♠❜r❛♥❡ ❛♥❞ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ r✐❜s l✳ ■♥ t❤❛t s❡♥s❡✱
t❤❡ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ❜❡❤❛✈❡s ❧✐❦❡ ❛ ❝❡♥tr❡s②♠♠❡tr✐❝ ❤♦♥❡②❝♦♠❜
✇✐t❤ ✐ts ♣r✐s♠❛t✐❝ ❝r♦ss✲s❡❝t✐♦♥ ✉s❡❞ ❛s t❤r♦✉❣❤✲t❤❡✲t❤✐❝❦♥❡ss r❡✐♥❢♦r❝❡♠❡♥t✳ ❆ ❡✈❡♥ ♠♦r❡
♣r♦♥♦✉♥❝❡❞ r❛t✐♦ ❜❡t✇❡❡♥ ✐♥✲♣❧❛♥❡ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ s❤❡❛r ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✉r❡ ✽❜✱
✇❤❡r❡ Gxy/Gxz r❛t✐♦s ✉♣ t♦ ✻✵ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢♦r θ < 3
o ❛♥❞ δ = 1.0✳ ■♥t❡r❡st✐♥❣❧②✱ ❢♦r
❜♦t❤ δ ❝♦♥✜❣✉r❛t✐♦♥s ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ❛ tr❛♥s✈❡rs❡ s❤❡❛r st✐✛♥❡ss ✐♥✈❡rs✐♦♥ ❛❜♦✈❡ θ = 55o✱
✇❤❡r❡ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ s❤❡❛r ♠♦❞✉❧✉s ❜❡❝♦♠❡s ❤✐❣❤❡r t❤❛♥ t❤❡ ✐♥✲♣❧❛♥❡ ♦♥❡✳ ❚❤✐s ❜❡❤❛✈✐♦r
✐s ❧✐❦❡❧② t♦ ❜❡ ❝♦♥❞✉❝t❡❞ t♦ ✐♥❝r❡❛s✐♥❣ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❡♠❜r❛♥❡ st✐✛♥❡ss ✇✐t❤✐♥
t❤❡ r✐❜s l ❛♥❞ t❤❡ ❜❡♥❞✐♥❣ ♦♥❡ ✐♥ t❤❡ ♣❧❛t❡s b ❛t t❤❡ ❜❛s❡ ♦❢ t❤❡ ✉♥✐t ❝❡❧❧ ✭❋✐❣✉r❡ ✶❛✮✱ ✇❤✐❝❤
t❡♥❞s t♦ ❡q✉❛❧✐s❡ ❢♦r ❛ s♣❡❝✐✜❝ ❝❡❧❧ ❛♥❣❧❡ ❛♥❞ δ ✈❛❧✉❡ ❛t ❝♦♥st❛♥t α✳
❇✳ ❙❧♦✇♥❡ss ❝✉r✈❡s
❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ s❧♦✇♥❡ss ❝✉r✈❡s ✐♥ t❤❡ xz ♣❧❛♥❡ ✭❡q✉❛❧ ❢♦r s②♠♠❡tr② ✐♥ t❤❡ yz ♣❧❛♥❡✮
❢♦r δ = 1.0 ✭❋✐❣✉r❡ ✾❛✮ ❛♥❞ δ = 5.0 ✭❋✐❣✉r❡ ✾❜✮✳ ❆t ❛ ❝♦♥st❛♥t ✐♥t❡r♥❛❧ ❝❡❧❧ ❛♥❣❧❡ ✭θ =
20o✮✱ t❤❡ t❤✐r❞ s❧♦✇♥❡ss ❝✉r✈❡ s3 (φ) s❤♦✇s ❛ ✈❡r② str♦♥❣ ❞✐r❡❝t✐✈✐t② ❛t φ = 0, π/2, π, 3π/2
✭❝♦rr❡s♣♦♥❞✐♥❣ ❛❧s♦ t♦ t❤❡ ♠❛✐♥ ❛①✐s ♦❢ t❤❡ r✐❜s l✮✳ ❚❤❡ ✜rst t✇♦ s❧♦✇♥❡ss ❝✉r✈❡s s1 (φ) ❛♥❞
s2 (φ) ❤❛✈❡ ❤♦✇❡✈❡r ❛ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❜❡❤❛✈✐♦✉r✱ ✇✐t❤ ❛ ♥❡❛r ③❡r♦✲s❧♦♣❡ ❜❡t✇❡❡♥ 55
o <
φ < 135o✳ ❚❤❡ ③❡r♦✲s❧♦✇♥❡ss ✐s ❧♦✇❡r ✐♥ t❡r♠s ♦❢ r❛♥❣❡ ❢♦r t❤❡ s❡❝♦♥❞ s❧♦✇♥❡ss ❝✉r✈❡✱ ❛♥❞
❞❡♣❡♥❞s ♦♥ t❤❡ r✐❜ ❛s♣❡❝t r❛t✐♦ δ✳ ❲❤✐❧❡ ❛ ✶✵ ✪ ❞✐✛❡r❡♥❝❡ ✐♥ t❡r♠s ♦❢ ❛♥❣❧❡ φ r❛♥❣❡ ❢♦r t❤❡
③❡r♦✲s❧♦♣❡ ❡①✐sts ❢♦r t❤❡ ❧❛tt✐❝❡ ✇✐t❤ δ = 1.0✱ t❤❡ s1 (φ) ❝✉r✈❡ s❤♦✇s ❛ ✢❛t s❧♦♣❡ ❡①t❡♥❞✐♥❣
❛❧♠♦st ❜❡t✇❡❡♥ 20o < φ < 160o ❢♦r r✐❜s l ❛ss✉♠✐♥❣ ❛ ♠♦r❡ ❜❡❛♠✲❧✐❦❡ str✉❝t✉r❡ ✭δ = 5.0✮✳
■♥ ♥♦r♠❛❧✐s❡❞ t❡r♠s✱ t❤❡ s❡❝♦♥❞ s❧♦✇♥❡ss ❝✉r✈❡ ✐♥ δ = 1.0 ❝♦rr❡s♣♦♥❞s t♦ ❤✐❣❤❡r ✈❡❧♦❝✐t✐❡s
v ✭s♦❧✉t✐♦♥s ♦❢ t❤❡ ❈❤r✐st♦✛❡❧✬s ❡q✉❛t✐♦♥ ✭✼✮✮ t❤❛♥ t❤❡ ♦♥❡s ❢♦r t❤❡ ❧❛tt✐❝❡ ❝♦♥✜❣✉r❛t✐♦♥
✇✐t❤ δ = 5.0✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ③❡r♦✲s❧♦♣❡ s❧♦✇♥❡ss ❝✉r✈❡s ✐♥ ❝❡♥t❡rs②♠♠❡tr✐❝ ♠♦♥♦❝❧✐♥✐❝
❧❛tt✐❝❡s ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ ❛s ❛ ♣♦ss✐❜❧❡ ♠❡❝❤❛♥✐s♠ t♦ ❣❡♥❡r❛t❡ s♦❧✐t♦♥s ❛❧♦♥❣ s♣❡❝✐✜❝ s♣❛t✐❛❧
✶✹
❞✐r❡❝t✐♦♥s ♦♥ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❬✷✶❪✳ ■♥ t❤❛t s❡♥s❡✱ t❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❛✉①❡t✐❝ ❧❛tt✐❝❡
s❤♦✇ s♦♠❡ ✐♥t❡r❡st✐♥❣ ③❡r♦✲s❧♦♣❡ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ s❧♦✇♥❡ss ❝✉r✈❡s✱
❛❧t❤♦✉❣❤ ♥♦t ❢♦r t❤❡ ✜rst ♦♥❡ ❛s ✐❞❡♥t✐✜❡❞ ✐♥ s♣❡❝✐✜❝ ♠♦♥♦❝❧✐♥✐❝ ❝♦♥✜❣✉r❛t✐♦♥s ❜② ❲❛♥❣
❛♥❞ ❘②♥❡ ❬✷✶❪✳ ◆♦ ③❡r♦✲s❧♦♣❡ s❧♦✇♥❡ss ❝✉r✈❡ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥
t❤❡ xy ♣❧❛♥❡✱ ✇✐t❤ ❛♥ ✐s♦tr♦♣✐❝ ❞✐r❡❝t✐✈✐t② ❢♦r s1 (φ) ❛♥❞ s3 (φ)✱ ❛♥❞ ❛ str♦♥❣ ❞✐r❡❝t✐♦♥❛❧✐t② ✐♥
s2 (φ) ❢♦r φ = 0, π/2, π, 3π/2 ✭❋✐❣✉r❡ ✶✵✮✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ xz ♣❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✱
t❤❡ ✈❡❧♦❝✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡❝♦♥❞ s❧♦✇♥❡ss ❝✉r✈❡ t❡♥❞ t♦ ❜❡ ✷✳✺ t✐♠❡s ❧♦✇❡r ✐♥
♥♦r♠❛❧✐s❡❞ t❡r♠s ❢♦r t❤❡ ❜❡❛♠✲❧✐❦❡ ❧❛tt✐❝❡ r✐❜s ✭δ = 5.0✮✱ t❤❛♥ t❤❡ ❡q✉❛❧ ❛s♣❡❝t r❛t✐♦ ✭❛♥❞
♣❧❛t❡✲❧✐❦❡✮ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ δ = 1.0✳
❈✳ ❲❛✈❡ ❞✐s♣❡rs✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ❛❧❧ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st ❛r❡ ❣✐✈❡♥ ✐♥ ♥♦♥❞✐♠❡♥s✐♦♥❛❧ ✉♥✐ts✳ ❚❤❡ r❡❢❡r❡♥❝❡





✇❤❡r❡ Ec✱ νc ❛♥❞ ρc ❛r❡ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s✱ P♦✐ss♦♥✬s r❛t✐♦ ❛♥❞ ❞❡♥s✐t② ♦❢ t❤❡ ❜❛s❡ ♠❛t❡r✐❛❧✱





✶✳ ❉✐s♣❡rs✐♦♥ ❛❧♦♥❣ Γ−X ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s②st❡♠
❋✐❣✉r❡ ✶✶ s❤♦✇s t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ✭✐✳❡ Re(kn)✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉♥r❡✜♥❡❞
♠❡s❤❡s✱ ✐♥❝❧✉❞✐♥❣ ❛❧❧ ❝❛❧❝✉❧❛t❡❞ ✇❛✈❡s ♥✉♠❜❡r✳ ❚❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ✐♥❞✐❝❛t❡ ❛ ❧❛r❣❡ ❝♦♠✲
♣❧❡①✐t② ♦❢ t❤❡ ✈✐❜r♦❛❝♦✉st✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ s②st❡♠✱ ✐♥❝♦r♣♦r❛t✐♥❣
♥✉♠❡r♦✉s ❡✈❛♥❡s❝❡♥t ♠♦❞❡s ❛♥❞ ❝♦♠♣❧❡① ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ♣r♦♣❛❣❛t✐✈❡ ♦♥❡s✳ ❚❤✐s ❧❛st
♠♦❞❡ ✐s ❡✈❛❧✉❛t❡❞ ❜② ✉s✐♥❣ ❡♥❡r❣② ✈❡❧♦❝✐t② ❝r✐t❡r✐♦♥ ✶✽ s♦ t❤❛t✿ {Cg}n(ω, φ).{Φ} > τcT
✇✐t❤ τ = 0.5%✳ ❚❤❡ r❡t❛✐♥❡❞ ♣r♦♣❛❣❛t✐✈❡ ✇❛✈❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✷ ✳ ■t ✐s ♣♦ss✐❜❧❡
t♦ ❡✈❛❧✉❛t❡ t❤❡ s②st❡♠ ❢r❡q✉❡♥❝② ❜❛♥❞ ❣❛♣s✱ ✇✐t❤ t❤❡ ✜rst ♦♥❡ ❜❡t✇❡❡♥ ✶✪ ❛♥❞ ✶✳✼✪ ♦❢
t❤❡ r❡❢❡r❡♥❝❡ ❢r❡q✉❡♥❝②✱ t❤❡ s❡❝♦♥❞ ❜❡t✇❡❡♥ ✷✪ ❛♥❞ ✷✳✼✪✳ ❆ ♥❛rr♦✇ ❜❛♥❞✲❣❛♣ ♦♥❡ ❝❛♥ ❜❡
✐❞❡♥t✐✜❡❞ ❛r♦✉♥❞ ✹✪ ❦❍③✱ ✇❤✐❧❡ t❤❡ ❧❛st ♦♥❡ ✐s ♣r❡s❡♥t ❜❡t✇❡❡♥ ✵✳✺✼✪ ❛♥❞ ✵✳✻✹✪✳ ❙t❛♥❞❛r❞
▲❛♠❜ ✇❛✈❡s ♠♦❞❡s ✭A0✱ So✮ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❡✈❡r② ❧♦✇ ❢r❡q✉❡♥❝② ❜❛♥❞✳ ❚❤❡ ❝♦rr❡✲
✶✺
s♣♦♥❞✐♥❣ ❣r♦✉♣ ✈❡❧♦❝✐t✐❡s ❞✐❛❣r❛♠ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶✸✳ ❆ ❝❧❡❛r ❜❛♥❞ ❣❛♣ str✉❝t✉r❡ ❛♥❞
♣❛rt✐❝✉❧❛r ♣r♦♣❛❣❛t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝s ✭❧✐❦❡❧② ❛ttr✐❜✉t❡❞ t♦ t❤❡ ✉♥✉s✉❛❧ ❛✉①❡t✐❝ ❜❡❤❛✈✐♦r✮ ❝❛♥
❜❡ ♦❜s❡r✈❡❞ ❜❡t✇❡❡♥ ✵✳✻✪ ❛♥❞ ✶✪ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❢r❡q✉❡♥❝②✳
✷✳ ❉✐s♣❡rs✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐♥ t❤❡ ✇❤♦❧❡ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❦✲s♣❛❝❡
❚❤❡ ♣r♦♣♦s❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ♠✉❧t✐ ♠♦❞❛❧ ✇❛✈❡✬s ♣r♦♣❛✲
❣❛t✐♦♥ ✐♥ t❤❡ ❝♦♠♣❧❡t❡ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ k✲s♣❛❝❡ ♦❢ t❤❡ ✜rst ❇r✐❧❧♦✉✐♥ ③♦♥❡✳ ❚❤❡ ♣r♦♣♦s❡❞
♠❡t❤♦❞♦❧♦❣② ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t ❝♦♠♣❧❡① ✇❛✈❡ ♥✉♠❜❡rs✳
❚❤❡ ❇❧♦❝❤ t❤❡♦r❡♠ ✐s ❡①♣❛♥❞❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❛♠♣❡❞ s②st❡♠s ❛♥❞ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
❜❡❝♦♠❡ ❝♦♠♣❧❡① ✐♥t❡❣r❛t✐♥❣ ♣❤❛s❡ ✈❡❧♦❝✐t② ❛♥❞ ❡✈❛♥❡s❝❡♥t ♣❛rt ❢♦r ❡❛❝❤ ❝♦♠♣✉t❡❞ ✇❛✈❡
♥✉♠❜❡r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❡q✉❛t✐♦♥✳
❚❤❡ ❞❛♠♣✐♥❣ ❜❡❤❛✈✐♦r ✐s ✐♥tr♦❞✉❝❡❞ ❜② ❛ss✉♠✐♥❣ ❛ ❝♦♠♣❧❡① ❍♦♦❦ ❡❧❛st✐❝✐t② t❡♥s♦r✳ ❚❤❡
s❛♠❡ ♠❡t❤♦❞♦❧♦❣② ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ r❡❛❧✐③❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥② ❦✐♥❞ ♦❢ ❧✐♥❡❛r ✈✐s❝♦❡❧❛st✐❝
♠♦❞❡❧✐♥❣ s✉❝❤ ❛s ✈✐s❝♦✉s ❜❡❤❛✈✐♦r ♦r ❛♥② ♦t❤❡r ❝♦♠♣❧❡① ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t t❡r♠s✳
❋✐❣✉r❡ ✶✹ ✐❧❧✉str❛t❡s t❤❡ t②♣✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ❛♥❛❧②s✐s✳ Pr♦♣❛❣❛t✐✈❡ ✇❛✈❡ ♥✉♠❜❡rs ♦❢ t❤❡
❞❛♠♣❡❞ s②st❡♠ ❛r❡ s❤♦✇♥ ❢♦r ❞✐✛❡r❡♥t ❛♥❣❧❡s ❢r♦♠ φ = 0 t♦ φ = 45o ✇✐t❤ ❛ st❡♣ ♦❢ 9o✳ ■t
❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ✐❢ φ = 0 ✱ t❤❡ s②♠♠❡tr② ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✺ st✐❧❧ ❡①✐sts✱ ✇❤✐❧❡ ❛s
s♦♦♥ ❛s ♦t❤❡r ❞✐r❡❝t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐t ❛♣♣❡❛rs ❞✐✣❝✉❧t t♦ r❡s❤❛♣❡ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts
❛t t❤❡ r✐❣❤t ❧♦❝❛t✐♦♥ ✐♥t♦ t❤❡ ✜rst ❇r✐❧❧♦✉✐♥ ③♦♥❡✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡
♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣❛tt❡r♥ ✐s ❧♦st ✇❤❡♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s ♥♦t ♣❛r❛❧❧❡❧ t♦ ♦♥❡ ♦❢ t❤❡ s✐❞❡s
♦❢ t❤❡ ✐♥✐t✐❛❧ ❝❡❧❧✱ ❛♥❞ ❧❛❝❦s ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥s✐st❡♥t tr❛♥s❢♦r♠❛t✐♦♥✳ ❚❤❡ ♦❜s❡r✈❡❞ ❜❛♥❞
❣❛♣ str✉❝t✉r❡ ❛❧s♦ ❞❡♣❡♥❞s ♦♥t♦ t❤❡ ♣r♦♣❛❣❛t✐✈❡ ❛♥❣❧❡s✳ ❚❤❡r❡❢♦r❡✱ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜❛♥❞✲❣❛♣
♦❢ t❤❡ ♣❡r✐♦❞✐❝ s②st❡♠✱ ❛♥ ✐♥❞✐❝❛t♦r ♦❢ ♠✐♥✐♠❛❧ ❡✈❛♥❡s❝❡♥❝❡ r❛t✐♦ ♦❢ ❛❧❧ t❤❡ ❝♦♠♣✉t❡❞ ✇❛✈❡s
❢♦r ❡❛❝❤ ❝♦♥s✐❞❡r❡❞ ❢r❡q✉❡♥❝② ❝❛♥ ❜❡ ✉s❡❞✱ ❞❡✜♥❡❞ ❛s✿




❋✐❣✉r❡ ❄❄ s❤♦✇s t❤❡ ♣❧♦t ♦❢ t❤✐s ✐♥❞✐❝❛t♦r ✐♥ t❤❡ ✇❤♦❧❡ ✷❉ ❞♦♠❛✐♥✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡
❜❛♥❞ ❣❛♣s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❝❧❡❛r❧② ❛♥❞ ✐♥❞✐❝❛t❡ t❤❛t s♣❡❝✐✜❝ ❞✐r❡❝t✐✈✐t② ❝❛♥ ❡①✐sts ❛t ❝❡rt❛✐♥
❢r❡q✉❡♥❝✐❡s✱ ❛s t❤❡ ❜❛♥❞ ❣❛♣s ❛r❡ ♥♦t ❛①✐s②♠♠❡tr✐❝ ❛♥❞ ❝❛♥ ❜❡ ❧♦❝❛t❡❞ ❜❡t✇❡❡♥ s♣❡❝✐✜❝
❛♥❣❧❡s✳ ▼❛①✐♠✉♠ ❡✈❛♥❡s❝❡♥❝❡ ✐s ♦❜s❡r✈❡❞ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧
r✐❜s ♦❢ ❧❡♥❣t❤ l ❢♦r ❧♦✇ ❢r❡q✉❡♥❝② r❛♥❣❡s ✭❜❡❧♦✇ ✶ ❦❍③✮✳ ❇❡t✇❡❡♥ ✷✳✵ ❛♥❞ ✷✳✺ ❦❍③ t❤❡
✶✻
♠❛①✐♠✉♠ ❡✈❛♥❡s❝❡♥❝❡ s❤♦✇s ❛♥ ✐s♦tr♦♣✐❝ ❞✐r❡❝t✐✈✐t②✱ ✇❤✐❧❡ ❜❡❧♦✇ ✼✳✺ ❦❍③ t❤❡ ♠❛①✐♠✉♠
❞✐r❡❝t✐✈✐t② ✐s ❛❣❛✐♥ ♦❜s❡r✈❡❞ ❛❧♦♥❣ t❤❡ ❛①✐s ♦❢ t❤❡ s❡❣♠❡♥ts l ♦❢ t❤❡ ❛✉①❡t✐❝ ❧❛tt✐❝❡✳
■❱✳ ❈❖◆❈▲❯❙■❖◆❙
❚❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ✇♦r❦ ❤❛s s❤♦✇♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝✲
t❡r✐st✐❝s✿
✶✳ ❚❤❡ ❧❛tt✐❝❡ ❤❛s ❛♥ ✐♥✲♣❧❛♥❡ ❛✉①❡t✐❝ ❜❡❤❛✈✐♦✉r✱ ✇✐t❤ ✈❛❧✉❡s ♦❢ t❤❡ ◆❡❣❛t✐✈❡ P♦✐ss♦♥✬s
r❛t✐♦ ❞❡♣❡♥❞✐♥❣ ♦✈❡r t❤❡ ❣❡♦♠❡tr② ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝❡❧❧✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥s✳ P❧❛t❡✲❧✐❦❡
r✐❜s t❡♥❞ t♦ ❞❡❝r❡❛s❡ t❤❡ ❛✉①❡t✐❝✐t② ♦❢ t❤❡ ✸❉ ❤♦♥❡②❝♦♠❜✳ ❚❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ P♦✐ss♦♥✬s
r❛t✐♦ ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ❝♦♥s✐❞❡r❡❞✳
✷✳ ■♥✲♣❧❛♥❡ ✉♥✐❛①✐❛❧ st✐✛♥❡ss ✭✐✳❡✳✱ ❨♦✉♥❣✬s ♠♦❞✉❧✉s Ex✮ ✐s ❤✐❣❤❡r ❝♦♠♣❛r❡❞ t♦ t❤❡ tr❛♥s✲
✈❡rs❡ ❝❛s❡✳ ❚❤❡ ❑✐r✐❣❛♠✐ ♣②r❛♠✐❞❛❧ ❧❛tt✐❝❡ ❜❡❤❛✈❡s ❧✐❦❡ ❛ ♣r✐s♠❛t✐❝ ❤♦♥❡②❝♦♠❜ ✇✐t❤
t❤❡ ❝❡❧❧ ❢❛❝❡ ♦r✐❡♥t❡❞ t❤r♦✉❣❤ t❤❡ t❤✐❝❦♥❡ss✱ t❤❡r❡❢♦r❡ ❡①♣❧❛✐♥✐♥❣ t❤✐s r❛t❤❡r ♣❡❝✉❧✐❛r
♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦✉r✳ ❆ s✐♠✐❧❛r tr❡♥❞ ✐s ♦❜s❡r✈❡❞ ❛❧s♦ ❢♦r t❤❡ s❤❡❛r ♠♦❞✉❧✉s✱ ❛❧✲
t❤♦✉❣❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐❞❡♥t✐❢② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♥t❡r♥❛❧ ❝❡❧❧ ❛♥❣❧❡ ❛♥❞ r✐❜ ❛s♣❡❝t
r❛t✐♦ δ t❤❛t ❧❡❛❞s t♦ Gxy = Gxz s✐t✉❛t✐♦♥✳
✸✳ ❩❡r♦✲s❧♦♣❡ s❧♦✇♥❡ss ❝✉r✈❡s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ xz ♣❧❛♥❡✱
❢♦r t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❝✉r✈❡s r❡s♣❡❝t✐✈❡❧②✱ s✉❣❣❡st✐♥❣ ♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ✇❛✈❡
✈❡❝t♦r ✇❤❡r❡ s♦❧✐t♦♥s ❝♦✉❧❞ ❜❡ ❝r❡❛t❡❞ ✉s✐♥❣ t❤✐s ❧❛tt✐❝❡ ❛s ♣❧❛t❢♦r♠✳ ◆♦ ③❡r♦✲❝✉r✈❛t✉r❡
❢♦r t❤❡ s❧♦✇♥❡ss ❝✉r✈❡s ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ✐♥ t❤❡ xy ♣❧❛♥❡✳
✹✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡✛❡❝t✐✈❡
s❝❛❧❡ ♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ✭✐✳❡✳✱ ♥♦t ❜❡✐♥❣ ❝♦♥✜♥❡❞ t♦ t❤❡ ❧♦♥❣ ✇❛✈❡❧❡♥❣t❤ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ♦❢ ♣♦✐♥ts ✶✲✸✮✱ t❤❡ ❑✐r✐❣❛♠✐ ❧❛tt✐❝❡ s❤♦✇s ❛ ❝♦♠♣❧❡① ✇❛✈❡ ♣❛tt❡r♥ ❡✈❡♥ ✐♥ t❤❡ xy
♣❧❛♥❡ ✇❤❡♥ ❛ s♠❛❧❧ ✈❛❧✉❡s ♦❢ ❤②st❡r❡t✐❝ ❞❛♠♣✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞✳ ❯s✐♥❣ ❛♥ ❡✈❛♥❡s❝❡♥❝❡
✐♥❞❡① ❝r❡❛t❡❞ ❢♦r t❤✐s ❧❛tt✐❝❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐❞❡♥t✐❢② ❡✈❛♥❡s❝❡♥❝❡ ❞✐r❡❝t✐✈✐t② ♣❛t✲




❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② ❣r❛♥t✲✐♥✲❛✐❞ ❢♦r ❏❙P❙ ❋❡❧❧♦✇s ❜② t❤❡ ❏❛♣❛♥
❙♦❝✐❡t② ❢♦r Pr♦♠♦t✐♦♥ ♦❢ ❙❝✐❡♥❝❡✳
❬✶❪ ❉✳ ❚✳ ◗✉❡❤❡✐❧❧❛❧t✱ ❍✳ ◆✳ ❲❛❞❧❡②✱ P②r❛♠✐❞❛❧ ❧❛tt✐❝❡ tr✉ss str✉❝t✉r❡s ✇✐t❤ ❤♦❧❧♦✇ tr✉ss❡s✱ ▼❛t❡✲
r✐❛❧s ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✿ ❆ ✸✾✼ ✭✷✵✵✺✮ ✶✸✷ ✕ ✶✸✼✱ ■❙❙◆ ✵✾✷✶✲✺✵✾✸✱ ❞♦✐✿❭❜✐❜✐♥❢♦④❞♦✐⑥④✶✵✳
✶✵✶✻✴❥✳♠s❡❛✳✷✵✵✺✳✵✷✳✵✹✽⑥✳
❬✷❪ ❉✳ ❚✳ ◗✉❡❤❡✐❧❧❛❧t✱ ❍✳ ◆✳ ❲❛❞❧❡②✱ ❚✐t❛♥✐✉♠ ❛❧❧♦② ❧❛tt✐❝❡ tr✉ss str✉❝t✉r❡s✱ ▼❛t❡r✐❛❧s ✫❛♠♣❀
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❋✐❣✉r❡ ✸✿ ✭❛✮ ❘❱❊ ♣❢ t❤❡ ♣②r❛♠✐❞❛❧ ❑✐r✐❣❛♠✐ ❝♦r❡ ✇✐t❤ ✐ts ♥♦♥❞✐♠❡♥s✐♦♥❛❧ ❣❡♦♠❡tr②
♣❛r❛♠❡t❡rs❀ ✭❝✮ ❋❊ ❘❱❊ ✇✐t❤ α = 1, β = 0.05, δ = 6, θ = 20o
❋✐❣✉r❡ ✹✿ ●❡♥❡r✐❝ ✸❉ ♣❡r✐♦❞✐❝ ❝❡❧❧s
✷✶
❋✐❣✉r❡ ✺✿ ▲❛②♦✉t ♦❢ t❤❡ ❞❛♠♣❡❞ ❑✐r✐❣❛♠✐ ❧❛tt✐❝❡ ✉♥✐t ❝❡❧❧ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ✷❉ ✇❛✈❡
♣r♦♣❛❣❛t✐♦♥ st✉❞②✳
✭❛✮ ✭❜✮
❋✐❣✉r❡ ✻✿ ❯♥r❡✜♥❡❞ ✭❛✮ ❛♥❞ r❡✜♥❡❞ ✭❜✮ ♠❡s❤ ❝❛s❡s
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❋✐❣✉r❡ ✼✿ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥✬s r❛t✐♦s ✭❛✮ νxy ❛♥❞ ✭❜✮ νxz ✈❡rs✉s t❤❡ ❛♥❣❧❡ θ ❢♦r
❞✐✛❡r❡♥t δ ♣❛r❛♠❡t❡rs✱ ❛♥❞ α = 1✳
✷✸






































 X 103, δ = 3.0
✭❛✮



































 X 103, δ = 3.0
✭❜✮
❋✐❣✉r❡ ✽✿ ✭❛✮ ◆♦♥❞✐♠❡♥s✐♦♥❛❧ ✐♥✲♣❧❛♥❡ ❛♥❞ tr❛♥s✈❡rs❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ✈❡rs✉s t❤❡ ✐♥t❡r♥❛❧
❛♥❣❧❡ θ ❢♦r ❞✐✛❡r❡♥t ❛s♣❡❝t r❛t✐♦s δ❀ ✭❜✮ ❙✐♠✐❧❛r ♣❛r❛♠❡tr✐❝ ❝✉r✈❡s ❢♦r ♥♦♥❞✐♠❡♥s✐♦♥❛❧

























✭❜✮ δ = 5.0
❋✐❣✉r❡ ✾✿ ❙❧♦✇♥❡ss ❝✉r✈❡ ✐♥ t❤❡ xz ♣❧❛♥❡ ❢♦r α = 1, θ = 20o
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✭❜✮ δ = 5.0
❋✐❣✉r❡ ✶✵✿ ❙❧♦✇♥❡ss ❝✉r✈❡s ✐♥ t❤❡ xy ♣❧❛♥❡ ❢♦r α = 1.0, θ = 20o
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❋✐❣✉r❡ ✶✶✿ ❉✐s♣❡rs✐♦♥ ❝✉r✈❡s ♦❢ ❛❧❧ ♠♦❞❡s ♦❢ t❤❡ st✉❞✐❡❞ s②st❡♠ ✭✐♠❛❣✐♥❛r② ♣❛rt ♦❢ λn(ω)
♦r r❡❛❧ ♣❛rt ♦❢ kn(ω)✳






















❋✐❣✉r❡ ✶✷✿ ❉✐s♣❡rs✐♦♥ ❝✉r✈❡s ♦❢ ♣r♦♣❛❣❛t✐✈❡ ♠♦❞❡s ♦❢ t❤❡ st✉❞✐❡❞ s②st❡♠ ✭✐♠❛❣✐♥❛r② ♣❛rt
♦❢ λn(ω) ♦r r❡❛❧ ♣❛rt ♦❢ kn(ω)✮✳
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❋✐❣✉r❡ ✶✸✿ ❉✐s♣❡rs✐♦♥ ❝✉r✈❡s ♦❢ ♣r♦♣❛❣❛t✐✈❡ ♠♦❞❡s ♦❢ t❤❡ st✉❞✐❡❞ s②st❡♠ ✭✐♠❛❣✐♥❛r② ♣❛rt
♦❢ λn(ω) ♦r r❡❛❧ ♣❛rt ♦❢ kn(ω)✮✳

















































Propagative part of reduced wave number
φ=3pi/20







Propagative part of reduced wave number
φ=pi/5







Propagative part of reduced wave number
φ=pi/4
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